Abstract. We formulate the flipped SU(5) × U(1)-GUT within the framework of non-associative geometry. It suffices to take the matrix Lie algebra su(5) as the input; the u(1)-part with its representation on the fermions is an algebraic consequence. The occurring Higgs multiplets (24, 5, 45, 50-representations of su (5)) are uniquely determined by the fermionic mass matrix and the spontaneous symmetry breaking pattern to SU(3) C ×U(1) EM . We find the most general gauge invariant Higgs potential that is compatible with the given Higgs vacuum. Our formalism yields tree-level predictions for the masses of all gauge and Higgs bosons. It turns out that the low-energy sector is identical with the standard model. In particular, there exists precisely one light Higgs field, whose upper bound for the mass is 1.45 m t . All remaining 207 Higgs fields are extremely heavy.
Introduction
One of the most important applications of non-commutative geometry (NCG) to physics is a unified description of the standard model. The most elegant version rests upon a K-cycle [4, 6] with real structure [5] , see [8, 11] for details of the construction. The standard model is the only realistic physical model that one can formulate within the most elegant NCG-prescription [10] . On the other hand, there exist good reasons [9] why one could be interested in Grand Unified Theories (GUT's): GUT's explain the quantization of electric charge, yield a fairly well prediction for the Weinberg angle, explain the convergence of running coupling constants at high energies, include massive neutrinos to solve the solar neutrino problem, produce the observed baryon asymmetry of the universe, etc. However, the results of [10] imply that one needs additional structures or different methods for a NCG-formulation of these models.
The perhaps most successful NCG-approach towards grand unification was proposed by Chamseddine, Felder and Fröhlich. In the SU(5)-model [1, 2] , the authors start to construct an auxiliary K-cycle. Within this framework they construct the bosonic sector. Then they interpret some of these bosonic quantities as Lie algebra valued and consider Lie algebra representations on the physical Hilbert space to obtain the fermionic sector. An aesthetic shortcoming of that approach is the auxiliary character of the K-cycle, which of course is inevitable in view of [10] . The SO(10)-model [3] by Chamseddine and Fröhlich fits well 1 into the NCG-scheme. The reason why this model was excluded in [10] is that only models possessing complex fundamental irreducible representations were admitted in that article.
The author of this paper has proposed in [13] a modification of noncommutative geometry. In that approach one uses skew-adjoint Lie algebras instead of unital associative * -algebras. Lie algebras are non-associative algebras -this is the motivation for the working title "non-associative geometry". The advantage of non-associative geometry is that a larger class of physical models can be constructed from the same amount of structures as in the most elegant NCG-formulation. That class includes the standard model [14] and the flipped SU(5) × U(1)-GUT as well, as we show in this paper. The SU(5)-model can be obtained as a special case. For the classical treatment of the flipped SU(5)×U(1)-model see [7] .
We give in Section 2 a recipe how to construct classical gauge field theories within non-associative geometry. The arguments why this recipe works can be found in [13] . In Section 3 we construct the matrix part of the SU(5) × U(1)-model: In Section 3.1 we consider relevant su(5)-representations. The remaining ingredients of non-associative geometry are defined in Section 3.2. Then it is not difficult to derive in Section 3.3 the matrix part of the connection form. Finally, we perform in Section 3.6 the factorization of the curvature with respect to a canonically given ideal, which we construct before in Section 3.5.
In Section 4 we include the space-time part and derive the action for our model: Out of the curvature obtained in Section 4.1 we build in Section 4.2 the bosonic action. To compare it with usual formulae of gauge field theory we write down this action in terms of local coordinates, see Section 4.3. The fermionic action is derived in Section 4.4. Comparing it with phenomenology we can identify certain parameters of the generalized Dirac operator with fermion masses and Kobayashi-Maskawa mixing angles.
This information plays an essential rôle in deriving the masses of the Higgs bosons in Section 5. Finally, we comment on a formal derivation of the SU(5)-GUT in Section 6.
The Recipe of Non-associative Geometry
The basic object in non-associative geometry is an L-cycle (g, h, D, π, Γ) , which consists of a * -representation π of a skew-adjoint Lie algebra g as bounded operators on a Hilbert space h , together with a selfadjoint operator D on h with compact resolvent and a selfadjoint operator Γ on h , Γ 2 = id h , which commutes with π(g) and anticommutes with D . The operator D may be unbounded, but such that [D, π(g)] is bounded. L-cycles are naturally related to physical models on a space-time manifold X if the following input data are given: 1) A unitary matrix Lie group G and its associated gauge group G = C ∞ (X) ⊗ G . Here, C ∞ (X) denotes the algebra of real-valued smooth functions on X.
2) Chiral fermions ψ transforming under a representationπ 0 of G . The induced representation of the gauge group G isπ = id ⊗π 0 .
3) The fermionic mass matrix M , i.e. fermion masses plus generalized Kobayashi-Maskawa matrices. 4) Possibly the spontaneous symmetry breaking pattern of G . For technical reasons we pass to a compact Euclidian spin manifold X. We take g = C ∞ (X)⊗a as the Lie algebra of G . Here, a = a ′ ⊕a ′′ is a skew-adjoint matrix Lie algebra, where a ′ is semisimple and a ′′ Abelian. We shall only consider the case that the Abelian part is not present, i.e. a = a ′ . We choose h = L 2 (X, S)⊗ i,α ∈ Ω 1 a . Extendπ andσ recursively to Ω n a bŷ
Define for n ≥ 2π (J n a) := {σ(ω n−1 ) , ω n−1 ∈ Ω n−1 a ∩ kerπ } . where Λ k is the space of differential k-forms represented by gamma matrices. The curvature θ is computed from the connection form ρ by The trace tr c includes the trace in M F and over gamma matrices. Compute the bosonic and fermionic actions
where g 0 is a coupling constant and ψ ∈ h . Finally, perform a Wick rotation to Minkowski space.
The Matrix Part of the Unification Model
3.1. The Representations under Consideration. We shall adapt our notations to the SU(5) × U(1)-model. In contrast to what one could expect from the classical treatment [7] of that model, the matrix Lie algebra is not su(5) ⊕ u(1) but a = su (5) . In our approach, the u(1)-part is not an input of the model but an algebraic consequence. The internal Hilbert space is We identify the matrix Lie algebra su(5) with its 24-representation. Then, we get a natural representationπ of su (5) in End( 192 ) by selecting the 24-representations in (3.2):
Here, π 10 and π 5 denote the embeddings of 24 into (3.2). We define the 75-representation of su(5) occurring in the decomposition (3.2a) as the set v of 10 × 10-matrices of the form
Next, we consider the 5-representations occurring on the r.h.s. of (3.2). Let b = 5 be the vector space of matrices represented in the form
We define a linear mapπ of b in End( 192 ) , puttinĝ
The matrices π 10,10 (b), π 10,5 (b) and π 5,1 (b) are the embeddings of b ∈ 5 into 10⊗10 , 5 * ⊗ 10 and 1 ⊗ 5 * , see (3.2) . Observe that
Due to the first three formulae in (3.2), the 24-parts and the 1-parts of
* , respectively, must be correlated. Indeed, we find with
the identities [12] π 10,10 (b)π 10,10 (b)
Moreover, we consider the 45-representation of su(5) occurring in (3.2d). It is the vector space w of 10 × 5-matrices determined by
One has
Finally, we consider the 50-representation of su(5) occurring in (3.2g). It is the vector space c of symmetric complex 10 × 10-matrices determined by
Then we put
3.3. The Structure ofπ(Ω 1 a) andπ(Ω 2 a). We recall (2.2a) that elements τ 1 ∈π(Ω 1 a) are of the form
Using (3.7), (3.10b) and the fact thatπ is a representation we obtain the explicit structure of elements τ 1 ∈π(Ω 1 a):
Here, the commutators (3.19d) and (3.19e ) are understood in the sense (3.10b) and (3.11b). It is obvious that a, b, c, w are independent as elements of different irreducible representations of su (5) . Next, we are going to constructπ(Ω 2 a) . According to (2.3), elements τ 2 ∈ π(Ω 2 a) are obtained by summing up elements of the type
Thus, using (3.9) we get from (3.19a) the structure a,π(a)] ⊂π(a) yields the block structure
3.4.
where a ∈ a and m ′ 10,5,1, 10,5,1
. Using (3.19a), (3.7), (3.10b) and (3.11b) we obtain from the off-diagonal blocks the equations 
Applying the trace and respecting tr(
Analogously, we have α ′ = iλ ′ and α ′′ = iλ ′′ . Thus, we find the equations 
where ν, λ ∈ Ê . Form i we get the same equations, with the same λ but possibly a differentν instead of ν . Inserting this result into the π 10 -block we get the equations
which are only compatible with ν =ν . Thus, we obtain with (3.3) the preliminary result
Now, one finds [12] that the u(1)-partπ(u(1)) is compatible with the two con-
, whereas the identity part iν½ 192 is not. Here, one has to use the following identities:
tr(π 10 (a) π 10 (a)) = tr(π 10 (a) π 10 (a)) = 3 tr(aa) ,
for a ∈ a , b ∈ b and w ∈ w .
The evaluation of the formulae for Ö 1 a in (2.5) yields for a generic choice of the mass matrices Mũ ,d,e,ñ,10,5 the simple result Ö 1 a =π(Ω 1 a) . Therefore, the connection form has the structure
We see that our formalism generates an additional u(1)-part for the connection form and determines uniquely its representation (3.23b) on the fermionic Hilbert space. Remarkably, this representation is realized in nature! 3.5. The Ideal 2 a. We recall (2.4) that for the analysis ofπ(J 2 a) we must find the space of elementsσ(ω 1 ) , where ω 1 ∈ Ω 1 a ∩ kerπ . For the computation of σ(ω 1 ) we need knowledge of M 2 , see (2.2b). We define analogously for the primeless matrices M u,ν,ũ,ñ . Then, using (3.12) and (3.13), we find the following formula for M 2 :
′′ is a generator of the 40 * -representation of su(5) occurring in the decomposition (3.2e):
Due to (2.4), the idealπ(J 2 a) is given as the set of elements j 2 of the form
Obviously, terms in M 2 proportional to the identities ½ 10 , ½ 5 , 1 do not contribute
gives a contribution to j 2 , which is 
Since the irreducible representations 24, 75, 5, 45 * , 50, 40 * are independent, it is always possible to fulfil (3.30b) and to generate by the commutators (3.30a) representations of arbitrary elements of 75 and 40 * . Moreover, it can be checked that the generator m 2 + I 3 occurring in M 2 generates independent elements of the 24-representation. Hence, j 2 ∈ J 2 :=π(J 2 a) takes the form
where a ∈ a , v ∈ v and c ′′ ∈ 40 * . Let J 0 := {π(a),π(a)} . From (3.3) and (3.24) we conclude that elements j 0 ∈ J 0 are of the form
where α ∈ Ê , a ∈ a and v ∈ v .
It remains to find the spaces 
(3.36b)
3.6. The Factorization. Due to (3.34), the problem of solving (2.9) is equivalent to finding for each given
Since J is block-diagonal, the off-diagonal blocks τ i,j do not contribute to the trace (3.37). Next, in the parts π 10;5 (i(b, b) ′ ) we can (and must) modulo J 2 replace
see (3.27 ). In the diagonal part (3.21b) of τ 2 let us define 
This formula shows the way how to obtain the other formulae of (3.41). One can prove
However, there is no such simple relation between the 10-and 5-components of theṼ -part. Due to (3.31a) we can modulo J 2 replace A 
Now we add to τ 2 the element j 0 ∈ J 0 given by 
As result, the matrix elementsτ 10 (3.46)
where the matrices
are given in Appendix A. The last step before including the function algebra is to apply the mapσ •π
means to calculate j 2 in (3.30a), however with the r.h.s. of (3.30b) equal to the given element τ 1 and not equal to zero. We have listed the matrix elements of M 
, it is not necessary to consider these terms. Therefore, there remain only the terms
in the diagonal blocks (M 2 ) 10 and (M 2 ) 5 as well as the off-diagonal blocks (M 2 ) i,j , which give a contribution toσ •π −1 (τ 1 ) . As we have already noticed, the contribution of (
to (3.30b). We get analogous contributions from the other terms (M 2 ) i,j and (M 2 ) i . Thus, we obtain in the same notations as in (3.19a ) the formulâ
, where (3.48)
Now, it remains to perform the factorization in the diagonal blocks (3.47a) and (3.47b). The same method as before yields that the representatives orthogonal to J 
The first step is to write down the connection form ρ , which has according to (3.25) the structure
Here, γ 5 acts componentwise and π = id ⊗π , where the matrix parts of π(A) and π(A ′′ ) are given by (3.3) and (3.23b), respectively. Elements ofπ(Ω 1 a) are specified by elements of a, b, c and w , see (3.19 ). Thus, we consider H as a sum
Inserting (4.1) and (4.2) into formula (2.8) for the curvature, we find with (3.48)
Here we have denoted by π the embedding of the selected matrix elements of (3.48) into the matrix (3.48). We have
Then we obtain from (4.3a) and (3.28)
We defineΦ
Using (3.46) and (3.21) we obtain the following matrix representation of e(θ): 
, where (4.7a)
7h) for a,ã ∈ a and skew-adjoint A,Ã ∈ M 10 . We compute the Lagrangian L = 2 ) , where g 0 is a coupling constant and tr c the combination of the trace over the matrix structure with the trace in the Clifford algebra. For functions f ∈ C ∞ (X) we have tr c (f ) = 4f . We find:
where the coefficients µ i are given in Appendix B. The group of local gauge transformations associated to our model is
The Lagrangian (4.10) is invariant under the gauge transformations
where
To determine the spontaneous symmetry breaking pattern, we must search for a local minimum of the Higgs potential L 0 . This problem is easy to solve. We know that, applying the transformation (4.4b) in the other direction, the Λ 0 -part of the curvature e(θ) (and hence the Higgs potential L 0 ) is zero for
Since the Higgs potential L 0 is not negative as the trace of the square of the Λ 0 -part of the selfadjoint matrix e(θ) , the point (4.13) is a global minimum of L 0 . But (4.13) is clearly a local minimum as well: In the vicinity of (4.13), the Λ 0 -part of e(θ) is linear in the components of Ψ, Φ, Ξ and Υ so that the Higgs potential L 0 is in lowest order quadratic in these components.
We underline that, given the fermion masses and the spontaneous symmetry breaking pattern as the input, our formalism provides a straightforward algorithm to determine the occurring Higgs multiplets and their most general gauge invariant Higgs potential.
The Bosonic Lagrangian in Local
Coordinates. In this subsection we will write down the Lagrangian (4.10) in terms of local coordinates. We must restrict ourselves concerning the Higgs potential (4.10d) to the terms quadratic in the fields, because the complete expansion of L 0 is too voluminous. Let us introduce in the same way as in (4.8) the bold matrices
, − ) , (4.14)
see (3.12). We shall write our formulae in terms of the "physical" fields Ψ, Φ, Ξ, Υ given bỹ
The subgroup of
The Higgs mechanism consists in reducing the symmetry of the whole theory to the symmetry of the vacuum. This means that we fix the gauge transformations corresponding to
in such a way that the Higgs multiplets Ψ , Φ and Ξ take the form
where Ξ 0 ∈ C ∞ (X) is a real function. The explicit form of Ξ is presented in (4.17), where Ξ i ∈ C ∞ (X) , i = 0, . . . , 98 . Here, λ a are the Gell-Mann matrices and σ a the Pauli matrices. The matrix Υ is an arbitrary element of iw as displayed in (4.18), where Υ i ∈ C ∞ (X) . For A and A ′′ we make the ansatz
In terms of the local basis {γ µ } µ=1,2,3,4 of Λ 1 we put
Moreover, we introduce the abbreviation
Now we start to write down the explicit form of the Lagrangian L 2 , where we restrict ourselves to the interesting part and denote the rest by I.T (interaction terms). We obtain in terms of the local basis
where 
Then, using
we obtain for (4.10b)
We proceed with the calculation of L 1 , where we restrict ourselves again to the interesting part. Using (4.16a) and (4.19a) we get
Now, using (4.19a) and (4.16d) we calculate
Next, using (4.19a) and (4.18) we calculate
Finally, using (4.19a) and (4.16e) we calculate
The Lagrangian L 1 is obtained from formulae (4.24), (4.25), (4.26) and (4.27), where one has to use (4.22):
We perform the orthogonal transformation by Euler angles
(4.29a)
The photon P µ is the massless linear combination, which is perpendicular to the plane spanned by (W We choose cos φ E < 0 and sin φ E > 0 . Then, the inverse transformation is for λ 4 ≪ 1 given by
The Lagrangian (4.28) requires to perform the reparametrizations It remains to compute the quadratic terms of the Higgs potential (4.10d). Due to the extremely rich Higgs structure we need computer algebra for that calculation.
It turns out that it is advantageous to perform an orthogonal transformation in the φ 0 −υ 0 -sector:
The motivation for this transformation is that the linear combination φ ′ 0 receives a much smaller mass than all other Higgs fields, see below. We present the quadratic terms of the Higgs potential in Appendix C.
We perform a Wick rotation from the Riemannian manifold X to the Minkowskian manifold X M by introduction of a global minus sign in the action and by replacing
We define P µν := ∂ [µ P ν] and
(4.33)
Now we can write down the final formula for the bosonic Lagrangian:
This is precisely the bosonic Lagrangian of the flipped SU (5)×U (1)-model, where the masses of the gauge bosons are given in (4.33). The parameters µ 1 , µ 2 , µ 3 and the Weinberg angle θ W will be determined in Section 4.4 when discussing the fermionic action. Within our framework there is no possibility to determine µ 0 . However, we will find in Section 4.4 that the X and Y bosons lead to proton decay. In order to suppress the proton decay sufficiently we need µ 0 ≫ max(µ 1 , µ 2 ) . Then, it remains to derive the masses of gauge and Higgs bosons in Section 5.
2 The minus sign in δ µν → −g µν is due to (γ 5 ) * = −γ 5 on the Minkowski space.
4.4.
The Fermionic Action. Now we write down the fermionic action S F defined in (2.10). However, we pass immediately to the Minkowski space X M . We denote the gamma matrices in Minkowski space by {γ µ } and use the convention
Then, the invariant fermionic action is
The factor 1 4 additional to (2.10) occurs because we are going to impose constraints on ψ , which require precisely the form (4.36) for the action, see below. More explicitly, inserting (4.1) and (4.2) and using (3.17) we obtain
We have used that within our convention (4.35) we haveγ
with an arbitrary number of elements of the form f ⊗π(a) , where a ∈ a and f ∈ C ∞ (X) . This fact and the complex conjugation in 
However, we shall restrict ourselves to the subspace of h M invariant under the charge conjugation C , the chirality operatorΓ and a symmetry transformation S defined in terms of 48 × 48-blocks by
where c.c means complex conjugation. Thus, we consider elements ψ ∈ h M of the form
(1 +γ
Observe that the choice (4.39) for the chirality operator breaks the structure of the model, which is precisely our intention. SinceΓ commutes withπ(a) , the gauge invariance is not destroyed. ButΓ no longer anticommutes with the whole D . We see that D -applied on chiral fermions (4.40) -
differs from the matrix (4.37a) by the absence ofγ 5π (Ψ) . In other words, the choice (4.39) for the chirality condition eliminates the disturbing termsγ 5π (Ψ) in the fermionic action.
Within our conventions one has the block structure
where L 2 (X M ) denotes the space of square integrable functions on the Minkowski space. In local bases we have
We define σ 0 =σ 0 = ½ 2 andσ a = −σ a , a = 1, 2, 3 , or in a symbolic notation
Then, from (4.36), (4.37a), (4.40) and (4.35) we get
This formula can be further simplified, because we have
Here, we have partially integrated and made use ofπ(A µ +A
In the last step we took into account that in quantum mechanics the fields ψ 0 are annihilation operators and the fields ψ 0 creation operators. In normal ordered products, all creation operators must stand on the left of all annihilation operators. This means that in (4.45) we have to exchange ψ 0 and ψ 0 . But since they represent fermions, which anticommute, this change of order gives a minus sign. Now, (4.44) takes the form
where h.c denotes the Hermitian conjugate of the preceding term, without change of signs when exchanging fermion fields. For ψ 0 ∈ L 2 (X M ) ⊗ 2 ⊗ 48 we choose the following parametrization:
and t means transposition only of the row, without transposing the matrix elements.
Inserting the matrix structures of (4.16d), (4.16e), (4.18) and (4.19) into formulae (4.37b), it is straightforward to write down the explicit formula for the fermionic action (4.46). Here, one must insert the explicit form [12] of the embeddings π 10 , π 10,10 , π 10,5 and π 5,1 . The transformation (4.29e) requires some care. Let us derive the coefficients of P, Z, Z ′ corresponding to the left electron. From (4.37b), (4.19a ) and (4.33) we find for λ 4 ≪ 1 in good approximation , φ g , ξ A , . . . , ξ c , υ A , . . . , υ g , see (4.16d), (4.18) and (4.30) . Then we arrive at the following formula for the fermionic Lagrangian:
The Lagrangian L q contains the kinetic terms and the strong and electroweak interactions of quarks. The Lagrangian L ℓ contains the kinetic terms and 
The diagonalization of the mass matrix occurring in (4.50) yields the masses of the neutrinos. The mixing angles are small for M N ≫ M n . In this case, the left-handed neutrinos receive a mass of the order M N . Thus, for M n being of the order of the mass of the top quark and M N being of the order of the unification scale, we obtain very low masses for the left-handed neutrinos, which is compatible with experiments (seesaw mechanisms). Moreover, the matrices M u , M d , M e , M n and M N contain mixing angles between the fermions, which constitute generalized Kobayashi-Maskawa matrices. Finally, the Lagrangians L x , L h , L ′ h and L ′′ h describe the coupling of the fundamental fermions to the X and Y leptoquarks, the Higgs bosons φ g and the remaining Higgs bosons υ i and ξ i , respectively. All terms of these Lagrangians contribute to the proton decay.
Observe that the Lagrangians L q and L ℓ differ from the corresponding Lagrangians of the standard model in two aspects: First, there occurs the massive gauge field Z ′ , which of course is not a terrible problem if its mass is sufficiently large. Second, the universal Weinberg angle θ W of the standard model is modified by angles of the order θ ′ W . However, this angle θ ′ W is extremely small if m Z ′ is very large against m Z . This means that experiments will certainly not detect θ ′ W .
The Masses of Yang-Mills and Higgs Fields
The final step is to compute the boson masses. For that purpose we must compute the parameters µ i ,μ i ,μ i ,μ i of the Higgs potential (C.1), which depend according to Appendix B on the mass matrices occurring in the generalized Dirac operator M . We have found in Section 4.4 that the eigenvalues referring to the usual names of the fermions. By unitary transformations we can achieve that M u is diagonal,
It is necessary to make several assumptions to simplify the calculation: Since the Kobayashi-Maskawa matrix between M u and M d is approximately the identity matrix, let us assume
The experimental data show that m t is much bigger than all other eigenvalues. Among the remaining eigenvalues we neglect all but m
b , although this is not completely justified. Unfortunately, there are no experimental values for the matrix M n . Therefore, we can only estimate its contribution: We assume that in the case (5.2a) we have
Quantum corrections suggest that m n is of the order m t . Using (3.27) we find for (B.1) approximately The comparison with the experimental values for m t and m W requires that m n is small against m t . Thus, we shall neglect m n against m t whenever this is possible. Since (at energies accessible at present) the standard model is in excellent agreement with experiments, the parameter µ 3 ∼ tr(M N M * N ) must be very large, see Sections 4.3 and 4.4. We choose the parametrization
for U ∈ U(3) , where the parameter m N ≫ m t determines the mass scale. The mass of the X and Y bosons must be very large in order to suppress the proton decay. This could be achieved by a sufficiently large µ 3 , however, there are also Higgs bosons which induce an insufficient lifetime for the proton if µ 0 is too small. Therefore, we must demand
see (3.27 ) and (B.2). Within our assumptions (5.2) we havẽ
The matrices M We introduce the abbreviations cos
For physical reasons we assume . The parametersχ andχ a are complicated functions of the mass matrices. Now we find for (4.34c) in tree-level approximation For convenience we list in Table 1 our tree-level predictions for the masses of the Higgs fields and the masses of the gauge fields derived in Section 4.3. We recall that m t is the mass of the top quark, m N the mass scale of the right neutrinos and M the grand unification scale, where we have assumed m N , M ≫ m t . Moreover, we have introduced the abbreviatioň
It is interesting to perform the transformation (4.31) in the Yukawa Larangian L m of the fermionic action (4.49). The contribution of the coupling of the φ ′ 0
Higgs field to the fermions takes the form . . . 
4. The Higgs fields of charge ∓1 , for i = 0 . . . 7 :
5. The Higgs fields of charge ∓ 1 3 ) )-valued. Now, taking the same L-cycle as before, however with M N ≡ 0 , we obtain indeed a SU(5)-GUT.
The calculation is the same as before. However, since the graded centre 2 a is not relevant in such a model, we must put J 3 = 0 and ζ A,B,U,V = 0 in the factorization procedure of Section 3.6. Moreover, instead of (4.29a) we perform the orthogonal transformation
If we compute the electric charges we find that the labels are unconvenient now, because u describes the d quarks (and vice versa) and ν the electrons (and vice versa). Thus, we must permute the labels u ↔ d and ν ↔ e . Then we obtain almost the same form (4.49) for the fermionic action, with the following modifications: 
Conclusion

1)
We have succeeded in formulating the flipped SU(5) × U(1)-GUT within the framework of non-associative geometry. We have found interesting tree-level relations between fermionic and bosonic parameters: Given the fermionic parameters (fermion masses and Kobayashi-Maskawa mixing angles) and two 3 × 3-matrices determining the unification scale as input, we were able to compute all bosonic quantities:
• the occurring multiplets of Higgs fields,
• the spontaneous symmetry breaking pattern,
• the masses of all Higgs fields,
• the masses of all Yang-Mills fields,
• the Weinberg angle. However, since not all input parameters are known, we were forced to be satisfied with estimations for some of the masses.
2) The representation of the U(1)-part of the SU(5)×U(1)-model is not an input but an algebraic consequence of the theory. This U(1)-representation is unique and realized in nature. • The lowest mass scale is the scale of the fermion masses reaching from the neutrino masses to the mass of the top quark. Moreover, also the electroweak gauge fields Z, W + , W − belong to this scale, and -remarkablyone Higgs field as well.
• The mass of all fields leading to proton decay is of the order of the grand unification scale M .
• The masses of Higgs fields which do not lead to proton decay lie between the fermions scale and the grand unification scale, generically close to M . 
The real constants α A , . . . ζ V are determined by equation (3.37). The solution is
. Appendix B. The Coefficients Occurring in the Higgs Potential 
